INTRODUCTION
LET M be a closed weakly almost complex manifold of real dimension 2k and let t : M + BU be its tangential map. For an element u of HZk(BU; Q) we let correspond the value of T*(O) evaluated on the fundamental class of M. This correspondence defines a homomorphism
cr(M) : H2k(BU; Q) --f Q.
Let Zzk be the subgroup of Hzk(BZJ; Q) consisting of those elements which are mapped by a(M) into the integer group Z for any closed weakly almost complex manifold M.
The purpose of the present paper is to determine explicitly the group 12k. To state the result, we denote by ch(BU) the image of Atiyah-Hirzebruch group K(BU) in H**(BU; Q) by the character homomorphism.
Also, the universal Todd class will be denoted by T. Then 2k-dimensional components of elements of the form y+Y with y belonging to ch(BU) constitute a subgroup Ilzk of Hzk(BU; Q). Now, the differentiable Riemann-Roth theorem due to Atiyah-Hirzebruch [3] implies that the subgroup I'2k is contained in ZZk. Our result is summarized in the following : THEOREM I. The group ZZk actually coincides with IIZk. This answers affirmatively a conjecture of Atiyah-Hirzebruch [4] .
We can restate Theorem I in a more convenient way using K-theory. Let %2k be the complex cobordism group of real dimension 2k. The group @2k is canonically identified with the stable homotopy group n 2k+&MU(N)), where MU(N) is the universal Thorn space for complex N-dimensional vector bundles and N is large compared with k. Now the Atiyah-Hirzebruch functor K gives rise to a homomorphism
p : &WY(N)) + Hom(n,,+,,(MU(N)), i?(S2k+2N))
defined by p(v)(x) = x*(u). In $4 it will be shown that Theorem I is equivalent to:
THEOREM II. The homomorphism p is surjective.
Theorem II is proved in $3. In $2 we discuss duality between the homology theory K* and the cohomology theory K* both with coefficients in the unitary spectrumf.
We also t In preparing the present paper, the author was made aware of an unpublished paper of D. W. Anderson [l] in which the duality was thoroughly exploited. We treat it here only in a special setting.
introduce a natural transformation H : $( ) +Rk( ) from the stable homotopy groups to the reduced X,-homology theory. This transformation may be viewed as an analogue of the usual Hurewicz homomorphism.
In 93, it is shown that the image of the homomorphism
is a direct summand, the fact which implies Theorem II in virtue of duality.
In a subsequent paper some applications will be given. In particular, integral characteristic numbers for closed oriented P-manifolds will be determined.
$2. REMARKS ON K-THEORY
A spectrum E is a sequence {E,; n E Z} of spaces with base points together with a sequence of maps E, : SE,, -+ E,,,, preserving base points. Giving a map E, : SE,, + E,,,, is equivalent to giving its adjoint E,, : E. + QE,,,, ; &(x)(t) = q, (t, x) . We follow G. W. Whitehead [16] for notions pertaining to the homology theory and the cohomology theory with coefficients in the spectrum E. However, we shall have to extend them on the category of CW-pairs (not necessarily finite). Specifically, for a finite CW-pair (X, A), its q-th homology group H&X, A ; E) is defined by (2.1) H&X, A ; El = 5 ~q+n(~n A (X/A)), n where lim means the direct limit of the direct system of abelian groups with the homomorphisms nq+n(En A (X/A)) --% ~~+n+i(S& A (X/A))"; nnq+n+r(&+r * (X/A)).
Similarly the cohomology group Hq(X, A; E) is defined by
The corresponding homology theory and cohomology theory are denoted by K* and K* respectively. Since the unitary spectrum is an Q-spectrum and moreover periodic, the definitions (2.1) and (2.2) take somewhat simple form in this case. Namely, the homology is given by
since the groups rcq+ J U,, A (X/A)) are cofinal in the direct system. Similarly, we have
We also notice that, in the cohomology case, the homomorphism (2.5) [
This follows from the commutativity of the following diagram
where the bottom row is the usual isomorphism (cf. [16; (2.191 ) and tinI, is an isomorphism since fi, is a homotopy equivalence. It follows from (2.5) that there are canonical identifications :
This shows in particular that the cohomology theory K* is identical with the AtiyahHirzebruch theory.
We define the Bott isomorphism
to be induced in the expression (2.3) by the identity x4-z+z(m+& x BU) A (X/A)) = ng+2rn((Z x BU) A (X/A)).
is defined similarly. We also have a natural isomorphism (2.10) tl : P(X, A) = R'I(X/A) -+ Rq "@(X/A)) induced in the expression (2.7) by the identity
Note that the inverse isomorphism cl-l is equal to (-1) q +r times the suspension isomorphism IJ* used in [16] .
in [5] . The Bott isomorphism in [5] is the multiplication by cl-'(g) where g is a prescribed generator oflf'(S*) z 2, while a*/?(l) = +g. If one wants to make a"P(1) = g, one has only to replace, if necessary, the homotopy equivalence h, : Z x BU + RU by -h2.
We now generalize the homology and cohomology theory to the category of arbitrary CWcomplexes. Let (X, A) be a CW-pair. The q-th homology group H,(X, A; E) of (X, A) with coefficients in the spectrum E is defined by (2.1). It is easy to see that (2.13) H,(X, A; E) = lipid H,(X,; X, n A; E) where X, ranges over all finite subcomplexes of X. From (2.13) or directly as in [16] it follows that this actually defines a homology theory satisfying the first six axioms of Eilenberg-Steenrod. The induced homomorphism f* and the suspension isomorphism U* are defined as in 1161.
As for the cohomology, the generalization will be limited on the cohomology theory based on the unitary spectrum. The q-th cohomology group is defined by (2.7). It is easy to verify that this defines a cohomology theory satisfying the axioms of Eilenberg-Steenrod except the dimension axiom. The suspension isomorphism U* is defined by (r* = (-l)q+'oz, where Q is given by (2.10). The Bott isomorphisms (2.8) and (2.9) are also valid in this extended sense.
Moreover, from the expression (2.7) it follows that this cohomology theory is additive in the sense of Milnor [12] . That is, if Xis the disjoint union of CW-complexes X,, then the cohomology group Kq(X) is canonically isomorphic to the direct product II,Kq(X,).
As a special case of a theorem of Milnor on general additive cohomology theory [12] we get LEMMA (2.14). are onto for all n.
Let
A CW-complex X will be called K*-admissible if it satisfies the following condition:
is bijective. Here the inverse limit is taken over all jnite subcomplexes of X.
It is clear that if there is a sequence X1 c X, c * * * of finite subcomplexes with union X such that K*(X) + & K*(X,J is a bijection then X is K*-admissible. 
First consider the infinite unitary group U = IJ, U(n). It is classical that H*(U(n); Z) is free abelian and that H*(U(n + 1); Z) -+ H*(U(n); Z)
is surjective. Hence the C W-complex U is K*-admissible by (2.16). As a classifying space BU we may take the limit space lJ G,," where G,,, = U(2n)/U(n) x U(n) is the complex Grassman manifold. It is also classical that the sequence Gr,, c G2,2 c . . * satisfies the condition of (i) in (2.16). Hence BU is K*-admissible. Therefore Z x BU is also K*-admissible. Then the complex Up A U, is K*-admissible by (2.16) (ii). The remaining cases are treated similarly. This completes the proof. where Xp,i and X,,j range over all finite subcomplexes of Up and U, respectively. By the naturality of the product (2.11) the above element belongs to the inverse limit group lim$?'+4(Xp, A X,,j). Since the finite complexes Xp,i A X,,j have the whole Up A U, as 'i,i their union and since Up A U, is K*-admissible, we have a canonical isomorphism I?p+q(up A u,) E lim I?p+g(Xp,i A X,,j).
Let lp A lq denote the element corresponding to (z,,: A I~,~) by this isomorphism. This element zp A lq is the unique one which gives lp,i A zq,j when restricted on Xp,i A Xg,j.
We will define the element t,,, E [Up A U,, Up+,J by
We often use the same notation t,,, to mean a map Up A Uq + Up,, representing the homotopy class t,,,. In other words, we have 
PROPOSITION (2.18). The homotopy classes t,,
Since the union of the subcomplexes SX, i A Xq,j c SUP A U, is SUP A U, and the CW-complex SUP A U, is K*-admissible, we may pass to the inverse limit to get the relation EL($, A zq) = (-l)q@&J A rq, = (-l)qu;(z,+ 1) A zq.
The first relation in (2.18) follows easily from this. The second relation is proved similarly. . These facts come from the associativity and anticommutativity of the product (2.11) which supply the desired homotopies on finite subcomplexes. We may pass to the inverse limit in virtue of (2.17) as in the proof of (2.18).
Remark
According to a general procedure due to G. W. Whitehead [16] , the above pairing defines several kinds of products in the homology theory K* and the cohomology theory K*. Generalizations to the category of not necessarily finite C W-complexes are easy, except that one must deal carefully with the Cartesian product. However, the last point does not matter when one deals only with countable CW-complexes.
We use the cohomology cross-product It is easily seen that the cohomology cross-product coincides with the product (2.11)
when the CW-complexes X and Y are both finite, and that the commutation laws (2.12) hold even in the extended sense. Commutation laws between the other kinds of products and the isomorphisms CI, /I are obtained.
In particular, the Bott isomorphisms p are compatible with all the products. For example we have the relations
for x E R,(X) and u E Kq(X).
We shall identify K&S") =R-2m(s0) with the integer group Z as follows. <P(x), u> = <A P(u)> = <x, u>. This Lemma can be easily proved through examination of the definitions of products, taking account of the associativity and the anti-commutativity of the pairing (U, U) + U.
LEMMA (2.21). (i). Zfu E RP(X), v E Rq( Y) and y E I?,(Y), then
The details are omitted.
Next we shall specify a generator gr of rc,(U,) = [9, U,] =&s'). We put go = 1 E K"(,So) and define inductively g1 by 9, = c&J,-1). It is to be noted that (2.22) 91 = %*Q,-1).
We shall also write g1 to denote a map S' + U, representing the element g1 E rc,(U,).
Following G. W. Whitehead [16] we define the sphere spectrum S = {S", EJ by taking &,: ss"+s"+' to be the identity map. Then (2.22) just means that (2.23) the sequence of maps g,. : S' -+ U, defines a map of spectra g : S -+ U in the sense of [ 161.
The q-th homology group H,(X, A ; S) of a CW-pair (X, A) with coefficients in the sphere spectrum S is nothing but the q-th stable homotopy group $(X/A).
The map of spectra g induces a natural transformation Here X and Y are C W-complexes with base point which are assumed finite in the case of /-product. As before we shall regard the Kronecker index as a homomorphism For later use we deduce some consequences from Lemma (2.26). We denote by sP E Bp(Sp, S) = n$(SP> the element represented by the identity map Sp -+ 9. We also denote by sf E fip(Sp; S) the element represented by the identity map.
LEMMA (2.27). Let X be a CW-complex with base point and let f: Sp + X be a base point preserving map. Let x E k,(X, S) = n;(X) be represented byjI Then, for any v E Kg(X), (H(x), v> = (s,,f *v>.
In fact, <H(x), v> = (x, u>, by (2.26) = (f*(s,)> v> = <s,,f *v>.
PROPOSITION (2.28). Let X and Y be jinite CW-complexes
with base point, and let u : Y A X+ S" be a duality map in the sense of [14] .
Then the homomorphism u*g,/ : E,(X) -+ Rn-p( Y) is an isomorphism, where gn E I?'(F) is the generator prescribed before.
In fact, by [16; (8. 2)], we know that the homomorphism u*s,/ : R,(X) --f P-y Y) is bijective. Now H(s,) = g,,, so that the homomorphism u*g,/ coincides with u*s,/ by (2.26).
We come now to the duality theorem. Let X be a CW-complex with base point. The 
THEOREM (2.29). Let X be a $nite CW-complex with base point. Suppose that the cohomology K*(X) is torsion free. Then the homomorphism y : Kg(X) + Hom($(X), Z) is a bijection.
Proof Let A be a finite CW-complex with base point. We shall write R,(A) for the group R,(A) factored by its torsion subgroup.
Similarly we set Kg(A) = I?q(A)/torsion.
The cohomology cross-product, the /-product, and the Kronecker index induce naturally homomorphisms
The formulas in Lemma (2.21) hold also in this sense.
To prove the theorem we may assume q = 0 or q = 1 in virtue of (2.20)'. Y are reciprocal, and we must Second, since the matrices (mij), ((e,, Cj)) etc. are square matrices as remarked just above, the determinants of these matrices must be _t 1.
On the other hand the matrix corresponding to the homomorphism Since this matrix is integral and has determinant + 1, y is an isomorphism. This completes the proof. Since the union of the subcomplexes X, is X, b R,(X,) = R,(X) n by (2.13). Also since X is K*-admissible by assumption, lim @(X,) = P(X). n This completes the proof.
COROLLARY (2.30). Let X be a CW-complex with base point. Suppose that there is
Finally we consider the K,-homology of the Thorn complex of a complex vector bundle. Let X be a connected CW-complex and let r be a complex vector bundle over X of complex dimension q. Let X5 denote the Thorn complex of r. Let x be any point of X. Then the inclusion map i : S 2q = x5 -+ X5 represents a generator s E i&(X$ S) = rc;,(Xq E z.
LEMMA (2.31). With the above notation, the element H(s) E l?,,(Xc) is not divisible by any integer other than f 1.
Proof: Let X, be a connected finite subcomplex of X. The inclusion Xi c X5 induces a natural isomorphism A,,(Xi; S) z fi,,(Xc; S). We regard s as an element of fl,,(Xi; S). Now, it is known that there exists an element v E RZq(Xi) such that i*v = gzq E RZq(S2q) (see for example [6] is a bijection onto a direct summand.
PROOF OF THEOREM II Let BU(N)
be a classifying space for the unitary group U(N) and let MU(N) be the Thorn complex of the universal complex vector bundle tN over BU(N). We may assume that BU(N) is a countable CW-complex so that MU(N) is also a countable CW-complex.
LEMMA (3.1). The homomorphism y : lP (MU(N)) -+ Hom(R,(MU(N)), Z) is a bijection. The group K&MU(N)) is a free abelian group.
Proof. We may take the limit space IJ Gn,N as a classifying space BU(N is bijective.
To prove the second statement we may proceed directly using the spectral sequence connecting H,(MU(N); K,(Q)) to K,(MU(N)) (cf.
[IO]). However we argue here as follows. Using the spectral sequence we see that &MV(n, N)) is a free abelian group of finite rank. Indeed, y is a bijection by (3.1) and H* is surjective since His a bijection onto a direct summand by (3.2) . Therefore H* oy is surjective. defined by the same formula as above is also surjective. This completes the proof of Theorem II.
The rest of this section is devoted to the proof of Theorem (3.2).
We consider the double sequence of groups denote the reduced homology group of a CW-complex X having base point with coefficients in the spectrum
Then it is also immediate that We shall denote the total direct limit (3.7) by R,,(MU).
At this point we turn to the multiplicative property of the complex bordism homology theory (cf. We simply write xy to denote the cross-product of x E e,(X) and y E &&So). Iff: Sp"' + X A MU(s) represents x E @JX) and if h : Sg+2' -+ MU(t) represents y E &&So), then their cross-product xy E "Z,+,(X) is represented by the composition Taking X = So, the group u%/* = c, eP, eu, = %,(S'), becomes a commutative, associative graded ring with unit 1. This is nothing but Milnor's complex cobordism ring. Moreover the cross-product makes the homology group 4*(X) = cP&!,(X) a graded (right) &,-module.
Now we see that (3.8) the natural homomorphism 4?!2qk+lj(Z x BU) --t azck+ I + ,,(Z x BU) is a %,-module map.
The verification of (3.8) is immediate. It reduces to the compatibility of the crossproduct with induced homomorphisms and the suspension isomorphism.
Let go : So + Z x BU represent 1 E R"(So). Then, analogously to (3.8) we see that In fact, if (3.13) holds, then passing to the direct limit z,,(MU), H,(x) is not divisible by any integer # + 1. It follows from the commutativity of the diagram (3.10) that
is not divisible by any integer # + 1. Since azk is a free abelian group of finite rank by (3.11) and since R 2k+ZN(MU(H)) iS a free abelian group by (3.1), this implies clearly that the homomorphism H : 'Bzk + R2k+2N(MU(N)) is a bijection onto a direct summand. This proves (3.2).
We now proceed to prove (3.13). First, the case k = 0. %,, is generated by 1. By the isomorphism %a E nzk+2(N+m) (MU (N + m) 
K'(BU) -+ K'(BU) is an invofutive ring automorphism,

H**(BU) -+ H**(BU)
is an involutive ring automorphism for any coeficient group.
Let c, denote the n-th Chern class of the universal U-bundle over BU. Then (4.1) and the product formula for Whitney sum yield (4.4) (1 f c1 + c2 + . . *)(l + e*(ci) + e*(cJ + . . .) = 1.
Since the cohomology ring H**(BU; 2) is a ring of formal power series over Z with generators ci, c?, cl, . . . , the formula (4.4) completely determines the automorphisms 8* : H** (BU; Z) + H**(BU; Z) and t9* : H**(BU; Q) + H**(BU; Q). In particular, for the universal Todd class 9 E H**(BU; Q), we have Now let M be a connected closed weakly almost complex manifold of real dimension 2k imbedded in a sphere S2k+2N with k < N. Let v : M-+ BU(N) be the normal map of the imbedding and let r : M-t BU be the stable tangential map of M. The composition
